Abstract. We classify the smooth Fano 4-folds of Picard number two that have a general hypersurface Cox ring.
Introduction
By a Fano variety, we mean a normal projective complex variety with an ample anticanonical divisor. Our aim is to contribute to the explicit classification of smooth Fano varieties. In dimension two, these are the well known smooth del Pezzo surfaces. The smooth Fano threefolds have been classified by Iskovskikh [21, 22] and Mori/Mukai [25, 26] . From dimension four on the classification problem is widely open in general, but there are trendsetting partial results, such as Batyrev's classification of the smooth toric Fano fourfoulds [3] .
In the present article, we focus on the case of Picard number at most two. In this situation, all smooth Fano varieties coming with a torus action of complexity at most one are known [15] and in [17] one finds a natural extension to complexity two. As in [15, 17] , our approach goes via the Cox ring. Recall that for any normal projective variety X with finitely generated divisor class group Cl(X), the Cox ring is defined as R(X) =
Cl(X)
Γ(X, O X (D)).
In case of a smooth Fano variety X, the Cox ring is known to be a finitely generated C-algebra [6] . We restrict our attention to simply structured Cox rings: We say that a variety X with divisor class group K = Cl(X) has a general hypersurface Cox ring if we have a K-graded presentation
where T 1 , . . . , T r form a minimal system of K-homogeneous prime generators and the relation g, being homogeneous of some degree µ ∈ K, admits a suitable open neighbourhood U in the (finite dimensional) vector space of all µ-homogeneous polynomials such that every h ∈ U defines the Cox ring R h of a smooth variety X h with divisor class group Cl(X h ) = K; see Definition 4.3 for the precise formulation. Among the del Pezzo surfaces, there are no smooth ones with a general hypersurface Cox ring, but in the singular case, we encounter many examples [9] . The first examples of smooth Fano varieties with a general hypersurface Cox ring show up in dimension three; see [10, Our main result is concerned with Fano fourfolds of Picard number two. By definition, any general hypersurface Cox ring comes in a family R g which is determined by the grading group K, the generator degrees w i = deg(T i ) ∈ K and the degree µ = deg(g) ∈ K of the relation. Moreover, in this setting, the anticanonical class of X g is given by −K = w 1 + . . . + w r − µ ∈ Cl(X g ) = K.
In particular, if R g is the Cox ring of a Fano variety X g , then X g can be reconstructed as the GIT quotient of the set of (−K)-semistable points of Spec R g by the quasitorus Spec C [K] . In this situation, we refer to w 1 , . . . , w r ∈ K and µ ∈ K as the specifying data of the Fano general hypersurface Cox ring. 
Factorial gradings
Here we provide the first part of the algebraic and combinatorial tools used in our classification. We recall the basic concepts on factorially graded algebras and, as a new result, prove Proposition 2.4, locating the relation degrees of a factorially graded complete intersection algebra. Moreover, we recall and discuss the GIT-fan of the quasitorus action associated with a graded affine algebra.
For the moment, K is any field. Let R be a K-graded algebra, which, in this article, means that K is a finitely generated abelian group and R is a K-algebra coming with a direct sum decomposition into K-vector subspaces
An element f ∈ R is homogeneous if f ∈ R w holds for some w ∈ K; in that case, w is the degree of f , written w = deg(f ). We say that R is K-integral if it has no homogeneous zero divisors.
Consider the rational vector space K Q := K ⊗ Z Q associated with K. The effective cone of R is the convex cone generated by all degrees admitting a non-zero homogeneous element:
The K-grading of R is called pointed if R 0 = K holds and the effective cone Eff(R) contains no line. Note that Eff(R) is polyhedral, if the K-algebra R is finitely generated.
Lemma 2.1. Let R be a K-graded algebra. Assume that R is K-integral and every homogeneous unit of R is of degree zero. Proof. We prove (i). It suffices to show that there is no non-zero w ∈ K with R w = 0 and R −w = 0. Consider f ∈ R w and f ′ ∈ R −w , both being non-zero. Then f f ′ is a non-zero element of R 0 and hence constant. Thus, f and f ′ are both units. By assumption, we have w = 0.
We prove (ii). If the K-grading is pointed, then we find a hyperplane U ⊆ K Q intersecting Eff(X) precisely in the origin. Let K U ⊆ K be the subgroup consisting of all elements w ∈ K with w ⊗ 1 ∈ U . Then K/K U ∼ = Z holds and we may assume that the projection κ : K → Z sends the effective cone to the positive ray. Using (i), we see that for the induced Z-grading all homogeneous elements of degree zero are constant. The reverse implication is clear according to (i).
and every homogeneous non-zero non-unit is a product of K-primes. In a K-factorial algebra, the K-prime elements are exactly the K-irreducible ones.
An ideal a ⊆ R is homogeneous if it is generated by homogeneous elements. 
Given a finitely generated abelian group K and w 1 , . . . , w r ∈ K, there is a unique K-grading on the polynomial algebra 
Proof. Suppose that deg(g) allows no representation as a positive combination over the deg(T j ) with j ∈ {i 1 , . . . , i q }. Then each monomial of g must have a factor T ij for some j = 1, . . . , q. Write
is non-zero and we have a K-integral factor ring
Consequently, g 1 T i1 is a K-prime polynomial. This implies g 1 = c ∈ K * and thus we arrive at g = cT i1 + h; a contradiction to the assumption that T i1 is not a monomial of g.
If R is a finitely generated K-graded algebra, then R admits homogeneous generators f 1 , . . . , f r . Turning the polynomial ring
, we obtain an epimorphism of K-graded algebras:
Together with a choice of K-homogeneous generators g 1 , . . . , g s for the ideal ker(π), we arrive at K-graded presentation of R by homogeneous generators and relations:
We call such presentation irredundant if ker(π) contains no elements of the form 
Proof. It suffices to show that for any two 1 ≤ i < j ≤ r, we can represent each deg(g l ) as a positive combination over the deg(T k ), where
The latter algebra is of dimension r − s − 1 due to our assumptions. Thus, g 1,j , . . . , g s,j , T j minimally generate I j . By Lemma 2.2, each g l,j is K-prime and hence defines a K-integral factor algebra
We conclude that g l , T j minimally generate a K-prime ideal in K[T 1 , . . . , T r ]. Thus, we may apply Lemma 2.3 and obtain the assertion.
We turn to the geometric point of view. So, K is now algebraically closed of characteristic zero and R an affine K-graded algebra, where affine means that R is finitely generated over K and has no nilpotent elements. Then we have the affine varietyX with R as its algebra of global functions and the quasitorus H with K as its character group:
The K-grading of R defines an action of H onX, which is uniquely determined by the property that each f ∈ R w satisfies f (h · x) = χ w (h)f (x) for all x ∈X and h ∈ H, where χ w is the character corresponding to w ∈ K. We take a look at the geometric invariant theory of the H-action onX; see [1, 4] . The orbit cone ω x ⊆ K Q associated with x ∈X and the GIT-cone λ w ⊆ K Q associated with w ∈ Eff(R) are defined as
Orbit cones as well as GIT-cones are convex polyhedral cones and there are only finitely many of them. The basic observation is that the GIT-cones form a fan Λ(R) in K Q , the GIT-fan, having the effective cone Eff(R) as its support.
Remark 2.5. Let K be a finitely generated abelian group and R a K-integral affine algebra. Fix a K-graded presentation
This yields an H-equivariant closed embeddingX = V (g 1 , . . . , g s ) ⊆ K r of affine varieties. Moreover, we have a homomorphism
AnX-face is a face γ 0 γ of the orthant γ := Q r ≥0 admitting a point x ∈X such that one has x i = 0 ⇐⇒ e i ∈ γ 0 for the coordinates x 1 , . . . , x r of x and the canonical basis vectors e 1 , . . . , e r ∈ Z r . Write S(X) for the set of allX-faces of γ ⊆ Q r . Then we have
That means that the projectedX-faces are exactly the orbit cones. TheX-faces define a decomposition into locally closed subsets
Definition 2.6. Let I = {i 1 , . . . , i k } be a subset of {1, . . . , r}. Then the face γ I of the orthant γ = Q r ≥0 associated with I is defined as
Moreover, for a polynomial g ∈ K[T 1 , . . . , T r ], the polynomial g I associated with I is defined as
Remark 2.7. Situation as in Remark 2.5.
Proposition 2.8. Let K be a finitely generated abelian group and R an affine algebra with a pointed K-grading. Consider a K-graded presentation
. . , T r define non-constant elements in R. Assume that there are a GIT-cone λ ∈ Λ(R) of dimension at least two and an index i with deg(T
• , the ray τ generated by deg(T i ) is not an orbit cone. Thus, Q ≥0 e i is not anX-face. This means that some g j has a monomial T li i , which in particular proves (i) and (ii). To obtain (iii), first observe that deg(T k ) ∈ K Q is non-zero and thus lies in the relative interior of some GIT-cone ̺ ∈ Λ(R) of positive dimension. Suppose that ̺ is not a ray. Then (i) yields that besides
k is a monomial of the relation g 1 . We conclude that γ i,k is anX-face. Thus, deg(T i ) and deg(T k ) lie on a ray of Λ(R). A contradiction.
Mori dream spaces
Mori dream spaces, introduced in [20] , behave optimally with respect to the minimal model programme and are characterized as the normal projective varieties with finitely generated Cox ring. Well known example classes are the projective toric or spherical varieties and, most important for the present article, the smooth Fano varieties. In this section, we provide a brief summary of the combinatorial approach [1, 5, 16 ] to Mori dream spaces, adapted to our needs. Moreover, as a new observation, we present Proposition 3.6, locating the relation degrees of a Cox ring inside the effective cone of a quasismooth Mori dream space.
Let K be an algebraically closed field of characteristic zero, R be a K-graded affine K-algebra and consider the action of
Mori dream spaces are obtained as quotients of the H-action. We briefly recall the general framework. Each cone λ ∈ Λ(R) of the GIT-fan defines an H-invariant open set of semistable points and a good quotient:
where ω x ⊆ K Q denotes the orbit cone of x ∈X. Each of the quotient varieties X ss (λ)/ /H is projective over Spec R 0 and whenever λ ′ ⊆ λ holds for two GITcones, then we haveX ss (λ) ⊆X ss (λ ′ ) and thus an induced projective morphism
/ /H of the quotient spaces. The K-grading of R is almost free if the (open) setX 0 ⊆X of points x ∈X with trivial isotropy group H x ⊆ H has complement of codimension at least two inX. Moreover, the moving cone of R is the convex cone Mov(R) ⊆ K Q obtained as the union over all λ ∈ Λ(R), whereX ss (λ) has a complement of codimension at least two inX.
Remark 3.1. Let R be a K-graded affine algebra such that the grading is factorial and any homogeneous unit is constant. Then R admits a system f 1 , . . . , f r of pairwise non-associated K-prime generators. Moreover, if f 1 , . . . , f r is such a system of generators for R, then the following holds.
(i) The K-grading is almost free if and only if any r −1
(ii) If the K-grading is almost free, then the orbit cones ω x , where x ∈X, and the moving cone are given by
We say that a K-graded affine K-algebra R is an abstract Cox ring if it is integral, normal, has only constant homogeneous units, the K-grading is almost free, pointed, factorial and the moving cone Mov(R) is of full dimension in K Q . 
Moreover, the cones of effective, movable, semiample and ample divisor classes of X are given in Cl Q (X) = K Q as
This proposition tells us in particular that Construction 3.2 delivers Mori dream spaces. Conversely, up to isomorphy, every Mori dream space arises from Construction 3.2. For the subsequent work, we have to get more concrete, meaning that we will work in terms of generators and relations. 
• . Let rlv(X) be the set of all X-faces and π :X ss (λ) → X the quotient map. Then we have a decomposition
into pairwise disjoint locally closed sets X(γ 0 ) := π(X(γ 0 )), which we also call the pieces of X.
Recall that X is Q-factorial if for every Weil divisor on X some non-zero multiple is locally principal. Moreover, X is locally factorial if every stalk O x , where x ∈ X is a (closed) point, is a unique factorization domain. Finally, X is quasismooth if the open setX ss (λ) ⊆X of semistable points is a smooth variety. 
Proof. Consider any X-face γ I , where I ⊆ {1, . . . , r}, and choose a point x ∈X(γ I ). Then x i = 0 holds if and only if i ∈ I. For any monomial T ν , we have
Now, since X is quasismooth, we have grad gj (x) = 0 for all j = 1, . . . , s. Thus, every g j must have a monomial T νj with non-vanishing gradient at x. 
General hypersurface Cox rings
First, we make our concept of a general hypersurface Cox ring precise. Then we present the toolbox to be used in the proof of Theorem 1.1 for verifying that given specifying data, that means a collection of the generator degrees and a relation degree, allow indeed a smooth general hypersurface Cox ring. We will have to deal with the following setting. 
As earlier, we write Q : Z r → K, e i → w i := deg(T i ) for the degree map. Assume that Mov(S) ⊆ K Q is of full dimension and fix τ ∈ Λ(S) with τ
Then Z is a projective toric variety with divisor class group Cl(Z) = K and Cox ring R(Z) = S. Moreover, fix 0 = µ ∈ K, and for g ∈ S µ set
Then the factor algebra R g inherits a K-grading from S and the quotient X g ⊆ Z is a closed subvariety. Moreover, we have
where Z g ⊆ Z is the minimal ambient toric variety of X g , that means the (unique) minimal open toric subvariety containing X g .
Remark 4.2.
Situation as in Construction 4.1. Then there is a (unique) GIT-cone λ ∈ Λ(R g ) such that we havê
/ /H. Thus, if R g is an abstract Cox ring and T 1 , . . . , T r define pairwise non-associated K-primes in R g , then X g is as in Construction 3.4. In particular
hold for the divisor class group and the Cox ring of X g . Moreover, in K Q we have the following
We are ready to define our concept of a general hypersurface Cox ring. We denote by U µ ⊆ S µ the open set of polynomials that own every monomial of degree µ. If, in addition, for some τ ∈ Λ(S) the resulting X g , where g ∈ U , are all smooth (Fano), then we call R g a smooth (Fano) general hypersurface Cox ring.
We turn to the toolbox for verifying that given specifying data w 1 , . . . , w r ∈ K and µ ∈ K as in Construction 4.1 lead to a smooth Fano general hypersurface Cox ring R g in the above sense. 
• .
In this case, the unique cone τ ∈ Λ(S) with −K ∈ τ • defines Fano varieties X g for all g ∈ U ; see Proposition 3.7 and Remark 4.2. In particular, if one of these conditions holds, then T 1 , . . . , T r are pairwise nonassociated in R g . Note that if none of the conditions holds, Then we have µ = w i for some 1 ≤ i ≤ r, thus g = T i + h with h ∈ S µ not depending on T i and R g is a polynomial ring, whence all resulting X g are toric varieties. Proof. Lemma 2.1 (ii) provides us with a coarsening homomorphism κ : K → Z that turns S into a pointed Z-graded algebra. Then S µ is a vector subspace of the (finite dimensional) vector space S κ(µ) of κ(µ)-homogeneous polynomials and we may assume K = Z for the proof. Since the K-grading of S is pointed, we have S * = S 0 \ {0}. Thus, a polynomial g ∈ S µ is reducible if and only if it is a product of homogeneous polynomials of non-zero K-degree. Now, let u, v ∈ Z with u + v = µ and S u = {0} = S v . Then the set of µ-homogeneous polynomials g admitting a factorization g = f h with f ∈ S u , h ∈ S u is exactly the affine cone over the image of the projectivized multiplication map
and thus is a closed subset of S µ . As there are only finitely many such presentations u + v = µ, the reducible g ∈ S µ form a closed subset of S µ . 
Thus, using again Lemma 4.6, we see that the g ∈ U with T i ∈ R g prime form the desired open subset U i ⊆ U . The supplement is clear.
Checking the normality and K-factoriality of R g amounts, in our situation, to proving factoriality. We will use Dolgachev's criterion, see [11, 
(ii) each coordinate hyperplane of Q r intersects ∆ non-trivially, (iii) the dual cone of cone(∆ 0 − u; u ∈ ∆ 0 ) is regular for each one-dimensional face ∆ 0 ∆, (iv) for each face ∆ 0 ∆ the zero locus of ν∈∆0 a ν T ν is smooth along T r .
We will call for short a convex polytope ∆ ⊆ Q 
Proof. Assume that (i) is satified. By Proposition 4.7, the set U ⊆ S µ of all prime g ∈ S µ such that T 1 , . . . , T r define primes in R g is open and, by assumption, U ⊆ S µ is non-empty. Remark 4.5 yields that T 1 , . . . , T r form a minimal system of generators for R g . We conclude that for all f ∈ U , the complement ofX g in X g is of codimension at least two. Since µ is base point free and ample on Z, we can apply [2, Cor. 2.3], telling us that after suitably shrinking, U is still non-empty and R g is the Cox ring of X g for all g ∈ U . In particular, R g is K-factorial. Since K is torsion free, R g is a unique factorization domain.
Assume that (ii) holds. As ∆ := conv(ν ∈ Z r ≥0 ; Q(ν) = µ) is a Dolgachev polytope, we infer from [19, §2, Thm. 2] that there is a non-empty open subset of polynomials g ∈ S µ with Newton polytope ∆ satisfying the above conditions (i) to (iv). Thus, Dolgachev's criterion shows that R g is a factorial ring. Proof. Consider the quotient map p :Ẑ → Z. Since Z g is smooth, H acts freely on p −1 (Z g ). Thus, X g inherits smoothness fromX g = p −1 (X g ). Proof. Consider the morphism ϕ : S µ × W → K r sending (g, z) to grad z (g) and the projection pr 1 : S µ × W → S µ onto the first factor. Then our task is to show that
We make use of the action of
given by the K-grading and the commutative diagram
t t t t t t t t t S µ
where the horizontal arrow is the good quotient for H, acting trivially on S µ and on W as indicated above. Since ϕ 
Corollary 4.12. Let X be a variety with a general hypersurface Cox ring R. If X is smooth, then R is a smooth general hypersurface Cox ring.

Proposition 4.13. Situation as in Construction 4.1. If µ ∈ Cl(Z) is base point free, then there is a non-empty open subset of
Proof. Observe that S µ is the complete linear system associated with the divisor class µ ∈ Cl(Z). If µ is a base point free class on Z, we can apply Bertini's first theorem [23, Thm. 4.1] stating that there is a non-empty open subset U ⊆ S µ such that for each g ∈ U the singular locus of X g is precisely X g ∩ Z sing . In particular, X g ∩ Z reg is smooth for all g ∈ U .
Remark 4.14. Situation as in Construction 4.1. For I ⊆ {1, . . . , r}, let γ I γ and g I ∈ K[T 1 , . . . , T r ] be as in Definition 2.6. Then we have
In particular, for the open subset U µ ⊆ S µ of all f ∈ S µ such that every monomial of S µ occurs with nonzero coefficient in f , we obtain
Definition 4.15. In the setting of Remark 4.14, we call Z µ := Z g , where g ∈ U µ , the µ-minimal ambient toric variety.
Corollary 4.16. Situation as in Construction 4.1. Assume rank(K) = 2 and that Z µ ⊆ Z is smooth. If µ ∈ τ holds, then µ is base point free. Moreover, then there is a non-empty open subset of polynomials g ∈ S µ such that X g is smooth.
Proof. According to [1, Prop. 3.3.2.8], the class µ ∈ Cl(Z) is base point free on Z if and only if the following holds:
To check the latter, let γ 0 ∈ rlv(Z). As K Q is two-dimensional, we find 1 ≤ i, j ≤ r with e i , e j ∈ γ 0 and λ
If w i , w j generate K as a group, then K is torsion-free, w i , w j form a Hilbert basis for cone(w i , w j ) and thus µ is a positive combination of w i , w j . Otherwise, the toric orbit Z(γ i,j ) is not smooth, hence not contained in Z µ . The latter means V (g) ∩Z(γ i,j ) = ∅, which in turn shows that g has a monomial of the form T Knowing that µ is base point free, we obtain the supplement as a direct consequence of smoothness of Z µ and Propositon 4.13.
Proof of Theorem 1.1
We work in the combinatorial framework for Mori dream spaces provided in the preceding sections. The ground field is now K = C, due to the references we use; see Remark 5.4. The major part of proving Theorem 1.1, is to figure out the candidates for specifying data of smooth general hypersurface Cox rings of Fano fourfolds of Picard number two. Having found the candidates, the remaining task is to verify them, that means to show that the given specifying data indeed define a smooth general hypersurface Cox ring of a Fano fourfold. The precise setting for the elaboration is the following.
Setting 5.1. Consider a K-graded algebra R and X = X(λ), where λ ∈ Λ(R) with λ
• ⊆ Mov(R)
• , as in Construction 3.2. Assume that dim(K Q ) = 2 holds and that we have an irredundant K-graded presentation
such that the T i define pairwise nonassociated K-primes in R. Write w i := deg(T i ), µ := deg(g) for the degrees in K, also when regarded in K Q . Suitably numbering w 1 , . . . , w r , we ensure counter-clockwise ordering, that means that we always have
Note that each ray of Λ(R) is of the form ̺ i = cone(w i ), but not vice versa. We assume X to be Q-factorial. According to Proposition 3.5 this means dim(λ) = 2. Then the effective cone of X is uniquely decomposed into three convex sets, Note that λ − as well as λ + might be one-dimensional. As a GIT-cone in K Q ∼ = Q 2 , the closure λ = SAmple(X) of λ • = Ample(X) is the intersection of two projected X-faces and thus we find at least one of the w i on each of its bounding rays. 
Then a suitable admissible coordinate change turns the setting into one of the following.
Our proof of Theorem 1.1 will be split into Parts I, IIa, IIb, IIc and III according to the constellations of Remark 5.3. We exemplarily present Parts I, IIa and III. The remaining parts use analogous arguments and will be elaborated elsewhere. The reason why we restrict Theorem 1.1 to the ground field K = C is that we use the following references on complex Fano varieties. [8, Rem. 3.6] tells us that any Q-factorial projective variety being isomorphic in codimension one to X is smooth as well. In terms of Construction 3.2, the latter means that all varieties X(η) are smooth, where
Proof of Theorem 1.1, Part I. We treat the case that the degree of the defining relation is not proportional to any of the Cox ring generator degrees. Here are first constraints on the possible specifying data in this situation.
Proposition 5.5. Situation as in Setting 5.1. Assume that
• defines a locally factorial X(λ) and µ doesn't lie on any of the rays ̺ 1 , . . . , ̺ 7 . Then, after a suitable admissible coordinate change, we have µ ∈ cone(w 4 , w 5 )
• and one of the following holds: Proof of Proposition 5.5. The assumption µ ∈ ̺ i implies ̺ i ∈ Λ(R) for i = 1, . . . , 7, see Remark 2.7 (ii). Proposition 2.4 gives µ ∈ cone(w 3 , w 5 ). The latter cone is the union of cone(w 3 , w 4 ) and cone(w 4 , w 5 ); both are GIT-cones, one of them is twodimensional and hosts µ in its relative interior. A suitable admissible coordinate change yields µ ∈ cone(w 4 , w 5 )
• . In a first step we show that if w i ∈ ̺ j holds for some 1 ≤ i < j ≤ 4, then two of w 5 , w 6 , w 7 coincide. Consider the case w 5 , w 6 ∈ ̺ 5 . By assumption X(λ) is locally factorial for λ = cone(w 4 , w 5 ). Thus, we can apply Lemma 5.7 to w i , w j , w 5 and also to w i , w j , w 6 and obtain that each of the triples generates K as a group. Lemma 5.8 yields that w 5 and w 6 are primitive and hence, lying on a common ray, coincide. Now, assume w 6 ∈ ̺ 5 . Then we consider X = X(λ) for λ = cone(w 5 , w 6 ). Using Lemma 5.7 as before, see that w i , w j , w 6 as well as w i , w j , w 7 generate K as a group. For the primitive generator w of ̺ i = ̺ j , we infer det(w, w 6 ) = 1 and det(w, w 7 ) = 1 from Lemma 5.8. Moreover, γ 5, 6 and γ 5, 7 are X-faces due to Remark 2.7. Thus, Proposition 3.5 yields det(w 5 , w 6 ) = 1 and det(w 5 , w 7 ) = 1. Lemma 5.9 yields w 6 = w 7 .
We conclude the proof by showing that at least two of w 1 , . . . , w 4 coincide. Consider the case w 2 ∈ ̺ 3 . Then, by the first step, there are 5 ≤ i < j ≤ 7 with w i = w j . Taking X(λ) for λ = cone(w 4 , w 5 ) and applying Lemma 5.7 to w 2 , w i , w j as well as to w 3 , w i , w j , we obtain that each of these triples generates K. Because of w i = w j , we directly see that w 2 and w 3 , each being part of a Z-basis, are primitive and hence coincide. We are left with the case that λ ′ = cone(w 2 , w 3 ) is of dimension two. By assumption, the variety X ′ defined by λ ′ is locally factorial. Moreover, Remark 2.7 (ii) provides us with the X ′ -faces γ 1,3 , γ 2,3 , γ 1,4 and γ 2,4 . By Proposition 3.5, all corresponding determinants det(w k , w m ) equal one. Lemma 5.9 shows that at least two of w 1 , . . . , w 4 coincide.
We are ready to enter Part I of the proof. The task is to work out further the degree constellations left by Proposition 5.5. This leads to major multistage case distinctions. We demonstrate how to get through for two of the constellations of Proposition 5.5, chosen in a manner that basically all the necessary arguments of Part I of the proof show up. The full elaboration of all cases will be presented elsewhere.
Proof of Theorem 1.1, Part I. This part of the proof treats the case that µ = deg(g) doesn't lie on any of the rays ̺ i = cone(w i ). In particular, by Remark 2.5 (i), all rays ̺ 1 , . . . , ̺ 7 belong to the GIT-fan Λ(R). By Remark 5.4, every two-dimensional η ∈ Λ(R) with η
• produces a smooth variety X(η). Thus, we can apply Proposition 5.5, which leaves us with µ ∈ cone(w 4 , w 5 )
• and the six possible constellations for w 1 , . . . , w 7 given there. Again by Remark 5.4, the divisor class group of X is torsion free, that means that we have K = Z 2 .
Constellation 5.5 (i).
We have w 1 = w 2 and w 5 = w 6 . Lemma 5.7 applied to w 1 , w 2 , w 5 shows that w 1 , w 5 form a basis of Z 2 . Thus, a suitable admissible coordinate change gives w 1 = (1, 0) and w 6 = (0, 1). Applying Lemma 5.7 also to w 1 , w 2 , w 7 and w i , w 5 , w 6 where i = 1, . . . , 4 yields the first coordinate of w 1 , . . . , w 4 and the second coordinate of w 7 equal one. Thus, the degree matrix has the form
We 
Case 5.5 (i-a).
Here, the semiample cone λ of X = X(λ) must be the positive orthant. Thus, X being Fano just means that both coordinates of the anticanonical class −K X ∈ K = Z 2 are strictly positive. According to Proposition 3.7, we have
We conclude 1 ≤ µ 2 ≤ 2 and 1 ≤ µ 1 < 4 − a 7 which implies in particular 0 ≤ a 7 ≤ 2. Thus, the weights w 1 , . . . , w 7 and the degree µ must be as in Theorem 1.1, Numbers 1 to 12. We exemplarily verify the candidate Number 12; the others are settled analogously. We have to deal with the specifying data
We run Construction 4.1 with τ ∈ Λ such that −K = (1, 1) ∈ τ • and show that the result is a smooth general hypersurface Cox ring R g . First, one directly checks that the convex hull over the ν ∈ Z 7 with Q(ν) = µ is Dolgachev polytope. Thus, Proposition 4.8 (i) delivers a non-empty open set U ⊆ S µ such that R g is factorial for all g ∈ U . Since µ = w i holds for all i, Remark 4.5 ensures that T 1 , . . . , T 7 are a minimal system of generators for R g , whenever g ∈ U . For i = 5, 6 the degree w i of T i is indecomposable in the monoid Eff(R g ) ∩ K. We conclude that T i is irreducible and thus prime in R g , whenever g ∈ U . To see primality of T 5 and T 6 , we use Proposition 4.7, where we can take
for i = 6, 5 as the required µ-homogeneous polynomial in both cases. The ambient toric variety Z is smooth due to Proposition 3.5 (iv). Thus, also Z µ is smooth. Because of µ ∈ τ
• , Proposition 4.16 applies and, suitably shrinking U , we achieve that X g is smooth for all g ∈ U .
Case 5.5 (i-b).
Here, either λ = cone(w 3 , w 4 ) or λ = cone(w 4 , w 5 ) holds. In any case, the anticanonical class is given as
First assume that λ = cone(w 3 , w 4 ) holds. Then, X being Fano, we have −K X ∈ λ
• . The latter is equivalent to the inequalities
Using µ ∈ cone(w 4 , w 5 )
• , we conclude 1 ≤ µ 1 < µ 2 ≤ 3 and 0 ≤ a 7 ≤ 1. Thus, we end up with a 7 = 0 and µ = (1, 2), (1, 3), (2, 3) , a 7 = 1 and µ = (1, 3) .
Note that in all cases, γ 1,2,3,4 is an X-face according to Remark 2.7 (ii). Since X is quasismooth, Proposition 3.6 yields 2,3,4 ).
This excludes a 7 = 0 and µ = (1, 3) . The remaining three cases are Numbers 13 to 15 of Theorem 1.1. All these candidates can be verified. Indeed, take τ = cone(w 3 , w 4 ) for all three cases and observe −K ∈ cone(w 3 , w 4 )
• . As in Case 5.5 (ia), we find a non-empty open subset U of polynomials g ∈ S µ such that R g admits unique factorization, see that T 1 , . . . , T 7 define pairwise non-associated primes in R g and observe that Z and thus also Z µ are smooth. For smoothness of X g , it suffices to show thatX g is smooth; see Proposition 4.9. By Proposition 4.11, it suffices to find some g ∈ S µ such that grad(g) has no zeroes inẐ, then shrinking U suitably yields thatX g is smooth for all g ∈ U . We just chose a random g of degree µ and verified this using [18] . For instance, for a 7 = 0 and µ = (1, 2) , that means Number 13, the following g does the job:
• , which translates into the inequalities 0
• implies µ 1 < µ 2 and we conclude
This is only possible for a 7 = 2 and µ = (1, 2). Then we have w 4 = (1, 1) and w 7 = (−2, 1). In particular, g admits no monomial of the form T In any case, the anticanonical class is given as
Assume λ = cone(w 2 , w 3 ). Then the Fano condition −K X ∈ λ • implies µ 1 +1 < µ 2 . Remark 2.7 (ii) says that γ 1,2,3,4 is an X-face. As before, Proposition 3.6 gives 2,3,4 ) .
Constellation 5.5 (ii).
We have w 1 = w 2 and w 6 = w 7 . Lemma 5.7 applied to w 1 , w 6 , w 7 shows that w 1 , w 7 generate Z 2 . Hence, a suitable admissible coordinate change yields w 1 = w 2 = (1, 0) and w 6 = w 7 = (0, 1). Applying Lemma 5.7 to w 3 , w 6 , w 7 and w 4 , w 6 , w 7 , we obtain that the first coordinates of w 3 and w 4 both equal one. Thus, the degree matrix has the form Observe that either λ = cone(w 4 , w 5 ) or λ = cone(w 5 , w 6 ) holds. In any case, the anticanonical class of X = X(λ) is given as
First, assume λ = cone(w 4 , w 5 ). Then X being Fano means 0 < 3 − µ 2 < 5 − µ 1 . We conclude µ 2 ≤ 2 and µ 1 ≤ µ 2 + 1. Moreover, µ ∈ cone(w 4 , w 5 ) • gives 0 < µ 2 < µ 1 . Thus, we have µ 1 = µ 2 + 1 and arrive at the possibilities µ = (2, 1), (3, 2) , which are Numbers 16 and 17 in Theorem 1.1. Showing that these constellations indeed define smooth Fano varieties runs exactly as in Case 5.5 (i-a). Now, let λ = cone(w 5 , w 6 ). Then X being Fano gives 0 < 5 − µ 1 < 3 − µ 2 . We conclude µ = (4, 1). Remark 2.7 (ii) provides us with the X-face γ 5, 6, 7 . Proposition 3.6 says that µ should lie in Q(γ 5,6,7 ) or in w 1 + Q(γ 5,6,7 ). A contradiction.
Proof of Theorem 1.1, Part IIa. We treat the case that the degree of the relation lies in the interior of the effective cone, is proportional to some Cox ring generator degree and ̺ 1 = ̺ 2 as well as ̺ r−1 = ̺ r hold.
Lemma 5.10. In Setting 5.1 assume that Mov(R) = Eff(R) and µ ∈ Eff(R)
• hold. Let Ω denote the set of two-dimensional λ ∈ Λ(R) with λ
(i) If X(λ) is locally factorial for some λ ∈ Ω, then Eff(R) is a regular cone and every w i on the boundary of Eff(R) is primitive. (ii) If X(λ) is locally factorial for each λ ∈ Ω, then, for any w i ∈ Eff(R)
• , we have w i = w 1 + w r or g has a monomial of the form T li i . Proof. We show (i). Let w i ∈ ̺ r . Due to µ ∈ Eff(R)
• , the relation g has no monomial of the form T li i . Thus, Lemmas 5.7 and 5.8 applied to the triple w 1 , w 2 , w i show that w i is primitive. Analogously, we see that any w i ∈ ̺ 1 is primitive. In particular, we have w 1 = w 2 . Thus, applying Lemma 5.7 to w 1 , w 2 , w r , we obtain that Eff(R) is a regular cone.
We turn to (ii). By (i), we may assume w 1 = w 2 = (1, 0) and w r−1 = w r = (0, 1).
is not a monomial of g. Then we find GIT-cones λ 1 ⊆ cone(w 1 , w i ) and λ 2 ⊆ cone(w i , w r ) defining locally factorial varieties X(λ 1 ) and X(λ 2 ) respectively. Lemma 5.7, applied to w 1 , w 2 , w i together with X(λ 1 ) and to w i , w r−1 , w r together with X(λ 2 ) shows w i = (1, 1) = w 1 + w r . 
Proof. We show (i). Suppose that g has no monomial of the form T li i where l i ≥ 2. Note that T i is not a monomial of g because R g is general. Then, on one of the extremal rays of Eff(R), we find a w j such that γ i,j is a X-face; see Remark 2.7 (i). Proposition 3.5 yields that w i , w j generate Z 2 as a group. In particular, w i is primitive. Hence µ = kw i holds for some k ∈ Z ≥1 . As R g is general, T k i must be a monomial of g. In addition, we obtain k ≥ 2. A contradiction.
We prove (ii). Assertion (i) just proven and Remark 2.7 (i) tell us that γ i,j is an X-face. Thus, being a ray, Q(γ i,j ) = ̺ i = ̺ j belongs to the GIT-fan Λ(R g ).
Proof of Theorem 1.1, Part IIa. We deal with the specifying data of a smooth general hypersurface Cox ring R as in Remark 5.3 IIa defining a smooth Fano fourfould X = X(λ). By Proposition 2.4, the relation degree µ lies on ̺ 3 , ̺ 4 or ̺ 5 . We claim that we can't have ̺ 3 = ̺ 4 = ̺ 5 . Otherwise Lemma 5.11 shows η = cone(w 1 , w 3 ) ∈ Λ(R). Since X(η) is smooth by Remark 5.4, we may apply Lemma 5.7 to the triple w 1 , w 3 , w 4 . According to Lemma 5.8 we obtain det(w 1 , v) = 1 where v denotes the primitive generator of the ray ̺ 3 . Analogous arguments yield det(v, w 7 ) = 1. Using both determinantal equations we conclude that v and w 1 + w 7 are collinear. In particular w 1 + w 7 generates ̺ 3 = ̺ 4 = ̺ 5 . Lemma 5.10 (i) tells us w 1 = w 2 and w 6 = w 7 . As a result, Proposition 3.7 gives −K X ∈ ̺ 3 . Moreover, Lemma 5.11 (ii) tells us ̺ 3 ∈ Λ(R g ) and thus λ = ̺ 3 , which contradicts to Q-factoriality, see Proposition 3.5 (i). A suitable admissible coordinate change yields µ / ∈ ̺ 5 and we are left with the following three constellations:
By Lemma 5.10 (i), we can assume w 1 = w 2 = (1, 0) and w 6 = w 7 = (0, 1). We show w 5 = (0, 1). Otherwise, by Lemma 5.10 (ii), we must have w 5 = (1, 1). Consider λ ′ = cone(w 5 , w 6 ). Then µ ∈ λ ′ holds. Remark 2.7 tells us that γ 5, 6 is an X ′ -face and hence λ ′ is a GIT-cone. The associated variety X ′ is smooth according to Remark 5.4. Thus, Proposition 3.6 yields µ ∈ w i + λ ′ for some 1 ≤ i ≤ 7. By the geometry of the possible degree constellations, only i = 1, 2 come into consideration. We conclude µ = (e + 1, e + f ) with e, f ∈ Z ≥0 . Positive orientation of (µ, w 5 ) gives f = 0. Hence, µ is primitive. By Lemma 5.11 (i), this contradicts R g being general. 4 . Since gcd(a, b) = 1 holds, we conclude µ 1 = µ 2 = dab with d ∈ Z ≥1 . In particular µ 1 ≥ ab holds. By Proposition 3.7, the anticanonical class is given as
Constellation (i)
From X being Fano we deduce −K X ∈ Eff(R), that means that each coordinate of −K X is positive. Thus, we obtain
This implies a = 1 or a = 2, b = 3. In the case a = 1, using the inequality again It remains to show that these specifying data yield Fano smooth general hypersurface Cox rings. We work in the setting of Construction 4.1 and treat exemplarily Number 25. From Remark 4.5 we infer that for all g ∈ U µ the algebra R g has T 1 , . . . , T 7 as a minimal system of generators R g . Moreover, Proposition 4.7 provides us with a non-empty open subset U ⊆ S µ such that T 1 , . . . , T 7 define primes in R g for all g ∈ U , provided we deliver for each i a µ-homogeneous prime polynomial not depending on T i . Here they are:
• holds and we have µ ∈ λ
• . One directly verifies that µ is basepoint free for Z. Thus, Proposition 4.8 (i) shows that after shrinking U suitably, R g admits unique factorization in R g for all g ∈ U . Since X g should be a Fano variety, −K = (1, 2) has to be ample and thus we have to take λ = cone(w 4 , w 5 ). Then Z µ is smooth and µ ∈ λ holds. Thus, Proposition 4.16 shows that after possibly shrinking U again, X g is smooth for all g ∈ U .
Constellation (ii).
Here we obtain w 4 = (0, 1) by the same arguments used for showing w 5 = (0, 1). Write w 3 = (a 3 , b 3 ) and let k be the unique positive integer with µ = kw 3 . By Proposition 3.7, the anticanonical class of X = X(λ) is given as
Moreover, we have ̺ 3 ∈ Λ(R g ) due to Lemma 5.11 (i) and Remark 2.7 (i), the defining GIT-cone λ of X is the positive orthant. Thus the Fano condition −K X ∈ λ
• simply means that both coordinates of −K X are positive. This leads to a 3 = 1, k = 2, b 3 ≤ 3. These are Numbers 26 to 28 of Theorem 1.1.
The verification of these candidates for specifying data of a Fano complete hypersurface Cox ring is done by the same arguments as in Case 5.5 (i-a) from Part I, except one has to verify that Z µ is smooth for Numbers 27 and 28 explicitly.
Constellation (iii)
. We obtain w 3 = (1, 0) by analogous arguments as used for showing w 5 = (0, 1) before. The degree w 4 = (a 4 , b 4 ) has to be determined. A suitable admissible coordinate change yields a 3 ≥ b 4 . By Proposition 3.7 the anticanonical class of X = X(λ) is given as
where k ∈ Z ≥0 is defined via µ = kw 3 . As in the preceding constellation, we see that Here, λ is the positive orthant. Thus, X(λ) being Fano just means that both coordinates of −K X are positive. We end up with the specifying data from Numbers 29 to 32 of Theorem 1.1.
The verification of these candidates runs with the same arguments as in Case 5.5 (i-a) from Part I, except that we have verify smoothness of Z µ explixitly.
Proof of Theorem 1.1, Part III. We treat the case that the degree µ of the relation lies in the bounding ray ̺ 1 of the effective cone. Proof. Otherwise, we may assume w i ∈ λ − and w j ∈ λ + . Then γ i,j is an X-face andX(γ i,j ) is a singular point ofX. According to Proposition 3.5, this contradicts to quasismoothness of X.
Proof of Theorem 1.1 Part III. We may assume that the ray ̺ 1 is generated by the vector (1, 0) . Let m be the number with w 1 , . . . , w m ∈ ̺ 1 and w m+1 , . . . , w 7 ∈ ̺ 1 . Observe that due to µ ∈ ̺ 1 , the relation g only depends on T 1 , . . . , T m .
The first step ist to show that only for m = 5, the specifying data w 1 , . . . , w 7 where, for any two 1 ≤ i < j ≤ m, the numbers a i and a j are coprime and we may assume a 7 = 0. Moreover, we must have a m+1 = . . . = a 6 , because otherwise we obtain a GIT cone λ = η ∈ Λ(R) with η • ∈ Mov(R)
• and the associated variety X(η) is not quasismooth, contradicting Remark 5.4. Proposition 3.7 and the fact that X is Fano give us (a 1 + . . . + a 6 − µ 1 , 7 − m) = −K X ∈ λ • = cone((1, 0), (1, a m+1 ))
Since a 1 , . . . , a m are pairwise coprime, the component µ 1 of the degree of the relation g is greater or equal to a 1 · · · a m . Using moreover a m+1 = . . . = a 6 , we derive from the above Fano condition
where we may assume a 1 ≤ . . . ≤ a m . We exclude m = 3: here, the above inequality forces a 1 = a 2 = 1, which in turn implies that T 3 is not prime in R, a contradiction. Let us discuss m = 4. The above inequality and pairwise copprimeness of the a i leave us with a 1 = a 2 = a 3 = 1, a 1 = a 2 = 1, a 3 = 2, a 4 = 3.
In the case a 3 = 1, we must have µ 1 = ka 4 with some k ∈ Z ≥2 , because otherwise, the relation would be redundant or, seen similarly as above, one of T 1 , T 2 , T 3 would not be prime in R. The inequality gives (k − 1)a 4 < 3 − a m+1 . We arrive at the following possibilities:
a m+1 = a 4 = 1, k = 2, a m+1 = 0, a 1 = 1, k = 2, 3, a m+1 = 0, a 1 = k = 2.
The first constellation implies that R is not factorial and hence is excluded. In the remaining ones, X is a product of P 2 and either a smooth general surface Y of degree 4 in P 1,1,1,2 or a smooth general surface of degree 6 in P 1,1,2,3 . Being a Mori fiber, Y is a del Pezzo surface. Using [13, Thm. 3.3.4] , we see that Y has anticanonical slef intersction number 2 in the first case and 1 in the second case. This contradicts ρ(Y ) = 1. In the case a 3 = 2, we obtain that X is a product of P 2 and a smooth surface of degree 6 in P 1,1,2,3 , which is impossible, as just observed. We conclude that m = 5 is the only possibility. In this case, λ = cone(w 1 , w 6 ) holds and our degree matrix is of the form Observe that g doesn't neither depend on T 6 nor on T 7 , as otherwise, by homogeneity, g would not be prime or one of T 6 , T 7 would not be prime in R = R g . Consequently, we obtain µ 2 = 0 for the degree µ = (µ 1 , µ 2 ) of g and we can write R as a polynomial ring over a K-graded subalgebra R ′ ⊆ R as follows: 5 and from the Fano condition on X, we infer a 6 + µ 1 < a 1 + . . .+ a 5 . So, we and end up with the specifying data as in Theorem 1.1 Numbers 58 to 67. To show that these data indeed produce smooth Fano fourfolds, one argues similarly as just before to see that R inherits the properties of a general Fano hypersurface Cox ring from R ′ .
